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Application of Integral Methods to Ablation
Charring Erosion, A Review

Robert L. Potts*
Science Applications International Corporation, Torrance, California 90501

To predict ablation, charring, and erosion of heat-shield materials, approximate heat balance integral (HBI)
methods offer speed and versatility; however, traditional HBI articles treat only simple, idealized models of material
response. This paper reviews application of HBI methods to more realistic models of material response, specifically,
for carbon-carbon and carbon-phenolic heat shields on reentry vehicles. The review shows that HBI successfully
extends to most such simulations of ablation, charring, and erosion in hypersonic flow, but unexpected problems
can crop up and trade-offs exist. Pertinent material models are also summarized, including efficient expressions
that fit material thermal properties and carbon-air thermochemical ablation functions.
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Subscripts
ab
c
conv
cw
eq

Nomenclature
= normalized mass flux (blowing driving force)
; normalized ablation rate, wab/£/z
: normalized pyrolysis gas flux, mgw/gh
• specific heat, J/(g K)
; specific heat of pyrolysis gas, J/(g K)
; activation energy, cal/mole
= heat (and mass) transfer coefficient, g/(cm2 s)
= enthalpy, J/g
= integral heat storage, J/cm2

= thermal conductivity, W/(cm K)
: mass flux, g/(cm2 s)
= pressure, bar
: heat flux, W/cm2

: net heat flux conducted into slab, W/cm2

; universal gas constant, 1.987 cal/(mole K)
: surface recession, cm
= surface recession rate, cm/s
= temperature, K
: time in moving coordinate system, s
= in-depth distance from initial surface, cm
: in-depth distance from receding surface, cm
; thermal diffusivity, cm2/s
= heat of pyrolysis per gas produced, J/g
: thermal penetration depth, cm
: effective char depth, cm
: emissivity
: heat density, J/cm3

= density, g/cm3

= Stefan-Boltzmann constant, 5.670
x 1(T12 W/(cm2 K4)

: time in stationary coordinate system, s
= blowing correction factor
= heating augmentation level

= ablation
= of char
= convective
= cold wall
= equilibrium
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er = erosion
g = of pyrolysis gas
gw = of pyrolysis gas at the wall underside
R = reaction rate
r = recovery
ref = reference (300 K, 1 atm = 1.01325 bar)
rr = re-radiation
u = at wall underside
v = of virgin
w = at the wall (vapor-side for hw, mw, Pw; solid-side for

hgw, lhgw, #u,, Pw)
0 = without blowing correction
0,0 = without blowing or heating augmentation

Superscripts
o = old
* = non-dimensionalized quantity

I. Introduction

PROBLEMS of ablation, charring, and erosion of thermal protec-
tion materials in severe convective, aerothermal, often particle-

laden environments have been of long and continuing interest.1"10

Complex models and exact numerical methods abound. But even
with today's computer power, the demands of some engagement
studies, Monte Carlo simulations, and fully-coupled approaches pre-
clude sole use of exact methods.10'11 Moreover, for many concept
screenings, mission analyses, and large parametric studies, fast, ap-
proximate methods are more economical.

Among fast, approximate methods, heat balance integral (HBI)
methods have long been popular. Developed in the late 1950s and
early 1960s, particularly by Goodman,12 HBI methods provide sim-
ple, approximate, semi-analytical solutions to many problems of
nonlinear heat transfer into solid slabs. HBI methods, in contrast
to strictly analytical techniques, handle nonlinear boundary condi-
tions, temperature-dependent properties, phase change, and moving
boundaries. HBI numerical solutions usually run at least an order of
magnitude faster on the computer than more exact finite-difference
methods. Yet HBI solutions provide sufficient accuracy for many
practical problems. Most recently, HBI has been put forth as a good
way of providing dynamic boundary conditions in intensely com-
putational fluid dynamics codes.10

References 12-24, and the hundred or more references these in
turn cite, represent the vast HBI literature. HBI methods seem partic-
ularly applicable to ablation, charring, erosion problems, but most
HBI accounts in books and journals treat only the simplest mod-
els of ablation and thermal performance; e.g., constant properties,
neglect of in-depth charring, simple phase-change removal (at a
known, fixed "melt" temperature), and heat loads that are either
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constant or at most simple functions of time. The special prob-
lems that arise when these idealizations no longer hold are too of-
ten ignored or handled incompletely. A need exists to bridge the
gap between more realistic models of heat-shield behavior and HBI
practice.

The objective of this work is to assess the extent to which HBI
methods can be applied to modern, detailed, more realistic models
of ablation, charring, and erosion. Using the example of carbon-
carbon and carbon-phenolic heat shields on re-entry vehicles, the
review shows that HBI successfully extends to most such simula-
tions of ablation, charring, and erosion in hypersonic flow, but un-
expected problems can crop up and trade-offs exist. The trade-offs
involve not only speed and accuracy but also competing simplifying
assumptions and solution objectives.

To satisfy the stated objective, it is necessary to establish "more
realistic" material response models for consideration. In fact, to
reach a wide audience, completeness and clarity dictate consid-
erable detail, especially because of differences in notation and
formulation in the literature. Accordingly, to form a consistent
framework, provide necessary detail, and help set priorities for
trade-offs, the first half of this paper offers appropriate illustrative
models.

The second half of this paper discusses HBI methods. HBI
extensions unfold as offshoots of classical theory. An example of
non-charring, clear-air re-entry illustrates baseline performance of
classical HBI. Modified approaches for rising and falling (pulse-
like) heat loads and for charring are discussed. Note is made to
Ref. 24, which develops a recent modification of HBI for variable
heating and charring. Reference 24 compares its approach to finite-
difference calculations7 and to the integral-quasisteady approach22

featured below. These comparisons support the conclusions and rec-
ommendations given below.

II. Response Models for Carbonaceous Materials
This section provides limited but sufficiently comprehensive,

"more realistic" response models to study interaction with HBI
methods. The models apply to general heating of slabs by hot,
boundary-layer flow, but focus is on hypersonic re-entry of a blunt
re-entry vehicle (RV) for illustration.

Sacrificial mass loss of heat-shield material is well established
as a means of mitigating the aeroheating load for a single re-entry.1
In this paper, ablation refers to mass loss due to thermochemical
processes (e.g., melting, vaporization, oxidation, and sublimation),
while erosion refers to mass loss by mechanical means, specifically,
by multiple impacts of small airborne particles, such as ice crystals,
snow flakes, rain drops, or even lofted dust and debris.5"9*11

Two heat-shield materials, a carbon-carbon and a carbon-
phenolic, are of primary interest (the likeness of these materials
to graphite is also exploited). The carbon-carbon consists of a
three-dimensional orthogonal weave of carbon fibers with additional
carbon deposited in the weave. The carbon-phenolic consists of lay-
ers of woven carbon cloth impregnated with a phenolic resin. Both
materials exhibit temperature-dependent properties, and both oxi-
dize exothermally. These traits complicate ablation calculations and
produce potential difficulties for HBI methods.

The charring behavior of carbon-phenolic presents even greater
challenges. At elevated temperatures, the phenolic resin decomposes
in-depth, yielding pyrolysis gases that percolate to the surface and
leave behind a carbon residue on the carbon cloth.2"4 "Virgin" ma-
terial thus becomes "charred." The resin decomposes mainly by
endothermic chemical reactions, and the resulting pyrolysis gases
absorb further heat as they percolate to the surface through porous,
already charred material. Pyrolysis gases strongly affect surface
thermochemistry and surface ablation rates.25 Also, the venting of
pyrolysis gases into the boundary layer blocks some of the inci-
dent heat.2'3'15 The solid material sometimes swells, and the carbon
fabric sometimes curls, lifts, and separates (delaminates), creating
large gaps between the plies, thereby decreasing the conductive heat
transfer.26 Finally, although fully charred material is more fragile
than virgin material, both offer non-negligible resistance to erosion.8
Even fast-running approximate solution methods must address
these issues.

In-Depth Governing Equations and Boundary Conditions
The main goal is to obtain accurate prediction of surface reces-

sion. In-depth phenomena are of interest only as they affect surface
recession, but this effect is considerable.

For heat-shield configurations of interest, a one-dimensional
model suffices. The classical heat conduction equation governs
heat transfer in a non-charring ablator, such as carbon-carbon or
graphite; thus,

BT ar
(1)

where the material properties cp and k are taken as known functions
of T, and material density p is generally constant. For a charring
ablator, such as carbon-phenolic, density varies dynamically, and
additional terms must be added to account for the heat absorbed in
the in-depth resin breakdown and the pyrolysis gas transport to the
surface. Additional equations are also required to specify conser-
vation of mass and rate of resin decomposition. The resulting set
of coupled partial differential equations takes the now customary
form2"4'7'22

dT d 3T

dm

s^r- (2)

(3)

(4)

Here T, p, and mg are the dependent variables (unknowns) to solve
for in terms of the independent variables x and r. Following histori-
cal convention, x points into the surface, while mg denotes gas flow
out of the surface; thus, mg is positive in the negative x direction
(Fig. 1). In Eq. (4), virgin density pv, fully-charred density pc, reac-
tion order 77, number of legs in Arrhenius fit of char reactions N, col-
lision frequencies A; [s"1], and activation temperatures Bj = E;/9ft
are experimentally-known constants.2'4'7'22'27

References 3 and 22 derive Eqs. (2-4) from fundamental princi-
ples, state the modeling assumptions, and include historical reviews
of modeling approaches. They show that heat of pyrolysis per unit
mass of gas produced at the local temperature is A/zpyr(g) =hg—h
where h = (pvhv — pchc)/(pv — pc) and where enthalpies of virgin,
charred, and gaseous matter are each expressed as heat of formation
plus integral of specific heat from reference to local temperature.3'22

Essentially A/ipyr(g) is a monotone increasing function of tempera-
ture; sometimes it is taken as a large positive constant.7'22'27

Thermal properties of virgin, charred, and gaseous matter differ
in general. For example, the thermal conductivity of solid material
in Eq. (2) is most generally a weighted value between virgin and

"V.
Qconv-

Qrr '

s(t)

, WU (2=0+)

+• Qnet

~ rhuhu

z=8c z=5
^=0 x=s, z=Q x,z

Fig. 1 Schematic of ablator material with in-depth profiles and surface
energy balance.
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Table 1 Carbon-carbon thermal properties Table 2 Carbon-phenolic thermal properties

T,
K

300
400
600
800

1000
1200
1400
1600
1800
2000
2200
2400
5000

A:,
W/(cm K)

1.236
1.165
1.028
0.906
0.803
0.716
0.649
0.598
0.570
0.551
0.538
0.531
0.500

cp9-
J/(gK)
0.72
0.99
1.41
1.65
1.79
1.89
1.95
2.04
2.07
2.10
2.13
2.16
2.23

cp, fit3,
J/(gK)

0.81
.03
.38
.63
.80
.91

2.00
2.06
2.10
2.14
2.16
2.18
2.27

0b,
J/cm3

0
175
636

1210
1863
2569
3313
4084
4874
5680
6496
7322

18394

Qfb,
cm2/s
0.806
0.596
0.392
0.293
0.235
0.197
0.171
0.153
0.143
0.136
0.131
0.128
0.116

aEquation (6).
bBased on cp fit [Eq. (6)] and p = 1.90 g/cm3.
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Fig. 2 Specific heat of carbonaceous materials and thermal conduc-
tivity of carbon-phenolic.

full-char limits; i.e., pk = copvkv + (1 - co)pckc where co = (p -
Pc)/(pv — PC) and where kv and kc are functions of temperature.3'22

Often, however, a single, unified k(T) function suffices.22'28

Alternative to Eq. (4), a popular simplification treats density as a
function of temperature only,3'28 or maybe char thickness as a func-
tion of time or heating rate.3 An even simpler model converts virgin
material to complete char at one particular "char temperature."3'13

Physically, Eq. (4) may be the most realistic, but many HBI ap-
proaches require the aforementioned simplifications.

A surface energy balance furnishes the net heat flux #net conducted
into the solid wall. Application of Fourier's Law produces the front-
face boundary condition at the moving surface

/ UI

\ 3x (5)

where surface recession s is determined by integrating the recession
rate over time. Recession rate consists of ablation and erosion com-
ponents (swelling is treated separately below); thus, s = iab + ^er-

For applications of interest, either an adiabatic back wall or a
semi-infinite slab assumption defines a back-face boundary condi-
tion. For initial conditions, the heat shield material begins with virgin
density and stands at a cold reference temperature rref = 300 K.

Material Properties
Carbon-carbon thermal conductivity (Table 1) is taken from

Ref. 29. Note that thermal conductivity drops sharply with tem-
perature until it asymptotically approaches a lower bound—
approximately 0.5 W/(cm K) for this particular billet. Graphite and
carbon-carbons in general behave similarly.21'30'31 Specific heat in
Table 1 and Fig. 2 stems from a combination of JANAF32 values for
graphite and values reported by Ref. 33 for carbon-carbon (for the
range 1600-2400 K in Table 1).

T,
K

300
422
533
811

1367
1922
5000

P,
g/cm3

1.45
1.45
1.45
1.19
1.19
1.19
1.19

cp,
J/(gK)
0.94
1.32
1.51
1.67
1.92
2.13
2.30

*,
W/(cm K)

0.0056
0.0076
0.0085
0.0054
0.0077
0.0099
0.0222

0,
J/cm3

0
200
428

1011
2203
3544

11670

a,
cm2/s
0.0041
0.0040
0.0039
0.0027
0.0034
0.0039
0.0081

Both the surface energy balance and the HBI solution presented
later require the integral of solid specific heat. Although table inter-
polation can be made fast in a computer code, a functional expression
is convenient. In the low temperature regime (0-500 K), the specific
heat of carbon-carbon and graphite is nearly linear; e.g., cp % c\T.
For very high temperatures, the specific heat is nearly constant,
cp ^ CQQ. To develop a smooth transition between these distinct
data regimes, form (cp)~2 = (c\T)~2 + (Coo)"2 which produces

(6)

where C^ = 0.55 cal/(g K) = 2.3 J/(g K) and D = C^/a =
800 K. Table 1 and Fig. 2 show that Eq. (6) fits graphite,30'32 carbon-
carbon,33 and even carbon-phenolic27 specific heat data reasonably
well over the entire domain. Unlike least-squares polynomial fits,
which tend to wiggle and shoot off to infinity for large inputs, Eq. (6)
remains smooth and well-behaved. Moreover, Eq. (6) integrates in
closed form to

(7)

For carbon-phenolic thermal conductivity, Fig. 2 illustrates the
wide range in available values.2'4'27 Char conductivity measure-
ments under transient conditions fall below those of steady-state
conditions. Basically, the higher the operative heat rate, the lower
the char conductivity. "Best" measured and "effective" char con-
ductivity for re-entry heat rates in Fig. 2 stem from Ref. 27 for a
carbon-phenolic with cloth lay-up angle of 20 degrees.

Effective rather than measured properties are often required to
achieve good correlation with flight data.27;34 Effective values arise
because thermal properties and decomposition coefficients for char-
ring ablators are often a function of the heating rate and conditions
under which they are to be used.34 Effective char conductivities
may also compensate for swelling and delamination effects. The
decision whether to use effective values (e.g., Table 2) rests not
with getting HBI and finite-difference solutions to agree with each
other, but rather with getting them to agree with certain flight data.
As for the other charring ablator coefficients in Eqs. (2) and (4),
Ref. 22 presents a survey, and the values in Ref. 7 may be used for
illustration for carbon-phenolic.

Surface Mass and Energy Balances
Traditional HBI articles use a simple energy balance of the form

#net = <2(0 — wab#ab, where Q(t) denotes heating load as a simple
polynomial or exponential function of time, and H& is the latent heat
absorbed at the surface per unit mass ablated.12"14'16'17 Often "heat
of ablation," 7fab, is taken as a large positive constant.28'31 This paper,
however, requires a more detailed, realistic energy balance to ex-
amine the difficulties that modern response models present to HBI.

Figure 1 includes a general surface mass and energy balance
appropriate for both charring and non-charring carbonaceous ma-
terials. Ablation mechanisms include oxidation and sublimation of
solid carbon but exclude melting and liquid layer formation; only a
gaseous phase exists next to the solid, reacting surface. The wv- and
ww-control surfaces in Fig. 1 lie infinitesimally close to the actual
material surface on the wall vapor side and under side, respectively.
Conservation of mass requires

(8)
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where mw is the (gaseous) mass transfer rate into the boundary layer;
i.e., bulk mass flux of the reacted mixture of ablation and pyrolysis
gas products. The mass flux of solid material disappearing from the
surface consists of thermochemical ablation and particle erosion
components; i.e., mu = wab + mer. When the latter is substituted
into Eq. (8), there results mw = mab + mgw - Conservation of energy
in Fig. 1 requires

t = 4conv "~ #rr ~~ + lhgwhg (9)

Using mu = mab + mer and mw = mab 4- mgw, Eq. (9) becomes

#net = 4conv ~ #rr ~ mab(hw ~ hu) - mgw(hw - hgw) (10)

Following standard practice,35'36 the convective, aerodynamic
heat flux in Eq. (10) takes the form of a heat transfer coefficient gh
times enthalpy difference driving potential; i.e., 4conv = gh(hr—hw).

Recovery enthalpy hr is a time-dependent function of the flow, and
enthalpy hw of the gas adjacent to the wall is given below as a known
function of local TW,PW, and possibly also mgw. The heat transfer
coefficient already includes corrections for the effects of mass injec-
tion into the boundary layer ("blowing") and for augmented heating
due to erosion-induced surface roughness and particle/flow-field in-
teraction. Thus gh = g/,o0biow and gh0 = g/*o,o0HAL-

For simplicity, this paper assumes a unity Lewis number so that
the mass transfer coefficient equals the heat transfer coefficient.35

Standard, equivalent forms for correlating the blowing correction
factor then are35"37

gh
'ab + Wgu

gh

- 1
mw

ghO

mab + mgw

ghQ

(H)

(12)

Substitution of gh =^o0biow into B' = mw/gh shows B' = #o/0biow
Substitution of B' - #o/0biow into 0biow = ln(l + aB')/(aBf) pro-
duces Eq. (12), which shows that Eqs. (11) and (12) are indeed
equivalent. Both forms are required in the ablation model presented
below.

The blowing coefficient a in Eqs. (11) and (12) varies in gen-
eral with injectant gas species, flow conditions (stagnation point,
laminar, or turbulent), and Mach number.35 For illustration, how-
ever, constants a = 1.5 for carbon-carbon and a = 1.3 for carbon-
phenolic have been selected based on the data in Fig. 4 of Ref. 37.

The heating augmentation level (<£HAL > 1) is obtained from the
theory of Hove-Shih.38 For clear air flight, assume <£HAL = 1.

The reference point for all enthalpies in this paper is Tref, so
hw == 0 for a cold, non-ablating wall in air. Then the aeroheating
history may be expressed by way of a "cold wall" heat flux, defined

Local pressure is assumed constant across the thin boundary layer
from outer edge to wall; i.e., Pe = Pw = P. Local P, hr, and qcw or
g/j0,o are time-dependent and available from standard aerodynamic
flow and boundary layer calculations.35

Following another common practice, and using e = 0.90 for
carbon-carbon21'30 and s = 0.85 for carbon-phenolic,27 the net heat
flux re-radiated from the surface is modeled as qn = ecr(T4 —
o-

Note back in Eq. (10) that the erosion mass flux dropped out.
The reason is that eroded material does not change phase between
the wu and wv surfaces. Even so, erosion significantly affects the
surface energy balance. Specifically, increased erosion lowers Tw,
which usually lowers hw and thus raises qcom = gh(hr — hw). Also,
erosive environments lead to heating augmentation, which raises gh
and thus qconv.

Sometimes, to simplify matters, the pyrolysis gases are assumed
chemically inert with respect to the boundary layer gases (Ref. 35,

p. 65). In that case the mgw terms drop out of the Eq. (10) energy
balance in the same way that meT terms dropped out (e.g., replace
mwhw in Fig. 1 with m^hw + mgwhgw). The end result is the energy
balance used in this paper:

- hu)
(13)

Ablation Model
Traditional HBI articles model ablation as melting of a solid

with complete, instantaneous removal of melt (e.g., by aerodynamic
shear).12"14'16'17 In a preablation period, the surface heats up to the
fixed, known, melt or ablation temperature. There follows an abla-
tion (melt removal) period, in which the ablation rate (rather than
wall temperature) is the unknown to solve for. For carbon oxidation
and sublimation, however, more realistic models than "removal of
melt" exist, and the difficulties that such models present to HBI
methods deserve treatment.

Chemical equilibrium has become a standard assumption for com-
puting re-entry vehicle and rocket nozzle ablation.3'10'25'30'35-39 The
idea is that significant heating and ablation occur mainly in a regime
where boundary layer temperatures and pressures are high enough
for reactions to be very fast and for chemical equilibrium to prevail.
Equilibrium surface thermochemistry (EST) calculations are made
for an open system comprised of the boundary-layer gas mixture
adjacent to the ablating carbon surface. The pertinent mass fluxes
(mass crosses open-system boundaries) are boundary-layer flow past
the wall (convection), diffusion of air constituents (especially O2)
into and through the boundary layer, ablation of carbon surface ma-
terial, and, for carbon-phenolic, injection of pyrolysis gases. Only
relative amounts of chemical elements are required to compute equi-
librium. Thus, it suffices to specify B'c, B'g, system pressure P, and
the elemental compositions of air, pyrolysis gas, and the surface
(100% solid carbon). Given prescribed values of these quantities,
the equilibrium composition, temperature, and enthalpy of the open
system (wall gas mixture) are calculated. This process is repeated
for a large matrix of (B'c, Bg, P) conditions. To compute ablation
rates, the resultant table of EST calculations is interpolated: given
Tw, P, and Bf

g, find B'c and hw.
Figure 3 shows calculations for carbon ablation in air made using

a standard EST computer code.40 Thermodynamic inputs to the code
stem mainly from the data for C-N-O species in the JANAF ther-
modynamic database,32 controversies notwithstanding41 (Ref. 21
provides more details). At temperatures greater than 1500 K, all
the oxygen diffusing through the boundary layer is consumed in
the reaction at the wall. This limits the reaction rate and produces
the flat B'c plateau in Fig. 3. Assuming a freestream composition
of 23.2% 62 and 76.8% N2 by mass, and a single oxidation re-
action of complete CO formation, theory35 shows B'c = 0.174 (=
12/16 of 0.232), and the gas composition at the wall is 65.4% N2
(= 0.768/1.174) and 34.6% CO. At higher temperatures, sublima-
tion of carbon occurs, producing sharp, pressure-dependent rises in
Fig. 3. Products with high heats of formation such as CN and
appear.30,35,39

1.2

1.0-
o

QQ

£
I °'6"

< 0.4-

1
« 0.2-

0.0

EST Gale's
12000

- 8000

- 4000

- -4000

- -8000

o
"ec

-12000
0 1000 2000 3000 4000 5000

Wall Temperature Tw, K

Fig. 3 Model for carbon ablation in air.
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For convenience, simple equations were developed to fit
the carbon-air EST calculations.21'22 As shown in Fig. 3, the
calculational data are well-fit by the general forms

TP =

DCO exp(T*),

SP =

= (Tw - Tp)/SP

P* = P/Pref

(14)

= */ + Cp(Tw - Tref) (15)

where Pref = 1 atm = 1.01325 bar. In Eq. (14), 7> and SP locate
and scale, respectively, the steep sublimation rise above the dif-
fusion-controlled oxidation (DCO) plateau B^co — 0.174. Best-
fit constants are T{ = 6510°R = 3616.6 K, qi = 0.0367, T2 =
305°_R = 169.4 K, and q2 - 0.104. In Eq. (15), best-fit constants
are hf = -587 Btu/lbm = - 1365 J/g (heat of formation of 34.6%
CO), cp = 0.282 Btu/(lbm°R) = 1.18 J/(gK), h's = 7000 Btu/lbm
= 16280 J/g, and #3 = 0.845 for the JANAF reference temperature
25°C = 298.15 K (^rref = 300 K).

Note in Fig. 3 that the sublimation regime shifts horizontally with
log P*. Also, (P*)« = expte loge P*} = 1 + q loge P* + • • • in
Eq. (14). Actually, for a given log P* increment, the shift is slightly
greater to the right than to the left, and the width of the B' rise
increases with higher P*, but these are nicely handled by Eq. (14).

The above model describes graphite and carbon-carbon equilib-
rium ablation in air. It also applies to carbon-phenolic if pyrolysis
gases are inert. In the most general case, pyrolysis gases react with
surface carbon and ablation products, causing shifts in the B'c and hw
curves (see, for example, Fig. 3 of Ref. 25 and Fig. B-l of Ref. 22).
Descriptive equations that fit general carbon-phenolic-air ablation
functions with reacting gas effects are available22; however, such
complexities add little to illustrating the complications that arise
with HBI. Therefore, this paper uses the inert pyrolysis gas assump-
tion cited earlier with Eq. (13). Although B'g fails to affect B'c under
an inert gas assumption, B'g significantly affects both the energy
balance and the ablation rate (raab = B'cgh) through the blowing
correction on g/,, per Eqs. (11) and (12).

In the lowest ablating temperature range, non-equilibrium reac-
tion rates apply. Several expressions for rate-controlled oxidation of
carbonaceous materials are available.39'41"43 For illustration, take

= ^(X02P*)
0.5

(16)

from Ref. 42, where aR = 9.65 x 105 lbm/(ft2 sec) = 4.71 x 105

g/(cm2 s), Xo2 — 0.21 = mole fraction (partial pressure) of oxygen
in air, and ER = 44 x 103 cal/mole. Scala's second-order transition
scheme39'42 combines the rate-controlled and equilibrium expres-
sions into an overall ablation rate; i.e.,

1
"

1
— ~TT H~

1
^2~ (17)

where meq is defined from #^,eq- Note that the smaller of the m's
dominates the right side of Eq. (17), so that for very high reaction
rates, equilibrium prevails.

Equation (17) defines a smooth transition from rate-controlled
oxidation to equilibrium oxidation according to a transition factor

mab = + (meq/m*)2 (18)

Note that f^ approaches zero for small reaction rates and one for
large reaction rates. This transition factor also defines the transi-
tion of wall gas enthalpy from air-composition based to oxidation-
products based; namely,

(19)

where cpQ = CQ+DQT with C0 = 0.234 Btu/(lbm°R) = 0.979 J/(g K)
and DO = 2 x 10~5 Btu/(lbm°R2) = 1.5 x 10~4 J/(g K2) is the specific
heat of air (Ref. 35, p. 177).

The overall sequence for energy balance calculations is now this.
At a given time point, hr, P, #cw» and $HAL are available from the

aerodynamic heating solution; these give gho = (qc\v/ ^r)0HAL- Also
available are the current guess for Tw and values m°gw and m°b
from the prior time point. Charring ablator calculations require an
immediate estimate of B'g\ for example, B'Q = (m°b + m°gw)/gh0,
then 0biow = aB'0/[exp(aB'Q) - 1] per Eq. (12), and finally B'g =
Wgu>/(Sfco0bk>w). Next B'c^ and hWtCq are calculated. For carbon-
phenolic with reacting pyrolysis gas, J?^eq and hw,eq are functions
of Tw, P,and#£ = B'g, as shown in Ref. 22. But for carbon-carbon,
graphite, and carbon-phenolic with inert pyrolysis gas, £' and
hw,eq are simply functions of Tw and P per Eqs. (14) and (15). Equi-
librium blowing conforms to Eq. (11). Note especially that both
inert and reacting pyrolysis gas cases require B'g here; i.e., first
*eq = #c,eq + Bg> then <^low,eq = ln(l + aB'JI(aB1^ per Eq. (11),
and finally meq = gfco<Abiow,eq#c,eq- Of course for non-charring abla-
tors, Bg = B'g = 0 always. Next, Eqs. (16-19) couple in reaction
rate kinetics, which produce the ultimate wab and hw for this Tw iter-
ate. Using this new mab, the blowing factor is updated via Eq. (12).
This updated blowing factor is used in Eq. (13), which defines net
heat flux. Note how both forms of blowing, Eqs. (11) and (12), are
required in the above sequence. Finally, the ablation recession rate
for heat-shield surface density pw is ,sab = m&/pw.

Erosion, Swelling, and Spallation
These topics are introduced to underscore the need for satisfac-

tory prediction of certain variables. Also, certain aspects of erosion
deserve mention in the open literature.

A dimensionless mass loss ratio G relates the rate of erosive mass
loss to the mass flux of incident particles.7'8'21'44'45 Generally, the
mass loss ratio G (mass out over mass in) is defined empirically
for each particular heat shield material. It varies roughly propor-
tionally with particle material density and the square of the normal
component of impact velocity. It also depends in general on the
temperature of the heat-shield material eroded. Thus, wall temper-
ature, near surface temperature gradient, and particle penetration
depth (which depends on both the particle diameter and the ex-
tent of existing subsurface damage in the target material) come into
play.

Char state also affects G. Fully charred carbon-phenolic material
is more fragile than virgin material, yet both offer non-negligible
resistance to erosion.8 To account for the interplay between the tran-
sient depth of the material char layer and the particle penetration
(cratering) depth, a transition-state model dynamically bridges be-
tween limiting virgin and fully-charred erosion states.7 The model
effectively produces average values G (called Geff in Ref. 7) and p
(average density of heat-shield material eroded) at each time point.
The weighting factor for averaging between limiting states is essen-
tially the ratio of char depth to effective particle penetration depth
(see Ref. 7 for details). If mp is the component of incident particle
mass flux normal to the surface, the erosion recession rate is then
•Ser = Wer/P = Gmp/p.

Yet another integral averaging process arises when the RV en-
counters a distribution of particle sizes and types (dust, ice, rain,
snow). Each class (size and type) of particle penetrates the char
layer to differing depths, and each class experiences differing de-
grees of deceleration, deflection, and breakup in the bow shock layer
surrounding the RV.44"46 Typically, incident particle velocities, mass
fluxes, G, and p are computed for each class of particle separately,
and then the class erosion recession rates are summed at each time
point to get the net seT.

Because of limited space and technology restrictions, further
details are omitted. But a proper framework for erosion has been
established. Besides treatment of mer and gho = g/^o^AL in the
energy balance earlier, the discussion of G above shows that accu-
rate erosion calculations require accurate estimates of transient wall
temperature, wall temperature gradient (i.e., net heat flux), and, for
carbon-phenolic, char depth. Here Ref. 7 shows that erosion and
transient char formation are strongly coupled in a self-limiting pro-
cess: increased char formation causes higher erosion rates, and in-
creased erosion rates cause decreased char formation. Therefore,
while transient char depth calculations cannot be passed over, ap-
proximate calculations should suffice.
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Material swelling26'47 and spallation4'47 likewise depend on good
estimates of char depth, gas flux, and near surface temperature field.
For example, swelling is typically assumed roughly proportional to
either pyrolysis gas flux26 or char thickness.47 In some approaches,26

material swelling adds a negative recession term to overall recession
rate and adds auxiliary convective terms to Eq. (2). Alternatively, this
paper assumes that swelling at most modifies (decreases) effective
thermal conductivity (as a pre-calculation adjustment) and stretches
the in-depth scale or thermal penetration depth (as a post-calculation
correction) relative to the ablating surface. Swelling in the face of
erosion is unknown. In any case, the importance of obtaining good
estimates of char depth and gas flux, even in an approximate solution,
is again underscored.

III. Heat Balance Integral (HBI) Methods
The idea of the heat balance integral (HBI) method is to inte-

grate the heat conduction equation spatially and then assume a pro-
file shape for the spatial heat distribution. The original nonlinear
boundary value problem (partial differential equation) reduces to a
much simpler initial value problem (one or more ordinary differen-
tial equations, ODEs). The number of equations corresponds to the
number of profile parameters to solve for.

From the previous section, good prediction of surface recession
(primary objective) requires good prediction of wall temperature
and net heat flux for all materials, and also pyrolysis gas flux and
char depth for charring materials.

In order to handle temperature dependent thermal properties, it
helps to convert temperature T to a thermal or heat density 0 using
Goodman's transformation12

0 -i: p(f)cp(f)df (20)

Inclusion of material density inside the integral enhances the gen-
erality of Eq. (20) but imposes a simplifying restriction on charring
ablators.

With Eq. (20), and with z = x - s(r) and t = r to transform to
a coordinate system moving with the surface (differentiation by r
holds x fixed; by t , z fixed), Eqs. (1-3) and (5) assume the form
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As explained later under charring ablators, Eq. (4) and the final T
in Eq. (22) are left as is. Thermal diffusivity a = k/(pcp) becomes
a known function of 0.

Classical HBI
For the first major step of heat balance integration (HBI), inte-

grate the conduction equation spatially. This paper assumes a semi-
infinite slab of material (Ref. 24 treats the finite slab case). Spatial
integration of Eq. (21) produces

(25)

where Eq. (24) was applied at z = 0, and 0 = 0 and 30/dz = 0 are
assumed at z = oo. Equation (25) is called the heat balance integral
(HBI) and is interpreted as a balance between the rate of change of
heat stored in the slab per unit surface area [left side of Eq. (25)]
with the rate of change of heat entering the slab surface, properly

accounting for recession [right side of Eq. (25)]. Thus, the HBI is a
global conservation of energy. With reference to Fig. 1, the surface
energy balance is a balance between the wv and wu surfaces, and
the HBI is a balance across the wu surface, extending at least as far
as the thermal penetration in-depth.

For the second major step of HBI, assume a heat density profile
shape. For constant surface heating of a semi-infinite slab at uniform
initial temperature, the assumed profile is written most generally as

= z/8(t) (26)

where specification of the function 0*(z*) fixes the profile shape.
T/pical choices are exponentials, 0*(z*) = exp(-z*), and n-th de-
gree polynomials, 0*(z*) = (1 - z*)n for 0 < z* < 1 and = 0 for
z* > 1, where n need not be an integer but any real number > 1.

From Eq. (26), the heat density profile has two degrees of freedom
corresponding to the two equations, Eqs. (24) and (25), in the two
unknowns, 8(t) and Ow (t). Strict use of Eq. (24) to determine the pro-
file slope at the wall, and derivation of Eq. (25) from Eq. (21) rather
than Eq. (22), distinguishes classical HBI from HBI refinements.

For the present problem, one can eliminate the thermal penetration
depth 8 from Eqs. (24) and (25) to produce a single ODE in the
primary unknown 9W. For convenience, denote the integral on the
left side of Eq. (25) by /. Then with 0 = 0^0* and dz = Sdz*, this
/ and Eq. (24) become

rr = /
Jo

0*dz* (27)

(28)

where 7* and #*et
 are dimensionless constants corresponding to the

given profile shape. Eliminating 8 between Eqs. (27) and (28) yields
/ = I*q*6i(0^aw/qntt), which, when substituted into Eq. (25), pro-
duces the desired ODE in Ow (t)

. .
= tfnet - Ows (29)

Here K* = I*q*et is a positive constant, and otw = ct(9w), qnet =
qn*(t, Ow), ands = s(t, Ow) are known functions. Givena0w solution
and associated #net, Eq. (28) determines 8.

Depending on the choice of assumed profile, thermal penetration
depth 8 acquires different meanings. For the exponential profile
0*(z*) = exp(-z*), heat density is 1/e-th of its wall value at z = 5;
also, K* = 1, 7* = 1, and q^ = 1. For 0*(z*) = (1 - z*)", the
polynomial profile, 8 is the time-dependent depth beyond which
the heat entering the slab surface has effectively not yet penetrated.
Thus 0 and dO/dz are zero for z > 5, and one can substitute 8 for oo
in Eqs. (25) and (27) [the right-most part of Eq. (27) then integrates
from 0 to 1]. Also, K* = n/(n + 1), /* = l/(n + 1), and #*et = n,
where again, n need not be an integer.

For illustration, the example below uses the exponential profile
exclusively. In fact, the exponential profile also originates from a
quasisteady solution22 of Eq. (21), and it fits exact finite-difference
solutions better in-depth than do polynomials for the present case.21

The simplest, most reliable way to solve Eq. (29) numerically
is to integrate it with respect to time, apply the trapezoidal rule of
integration, and solve the resulting implicit, nonlinear equation by
bisection. Thus, Eq. (29) becomes

00)

where o-superscripts denote known values from the "old" time point
t°, unsuperscripted variables are values at the new (current) time t,
and At = t — 1° is the time step. Since cew, #net, and s are essentially
known functions of Ow at a given time point, Eq. (30) is an implicit,
nonlinear equation in one unknown, 9W. The iterative method of
bisection solves the equation and is guaranteed to converge provided
a solution for the current Ow exists and can be bracketed. At worst,
the values of 0 corresponding to Tw = 300 K and 5000 K suffice to
bracket the solution (if one exists) and start the bisection. Given a
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converged 9W solution at the current time, the ctw, #net, s, $, /, and 8
are updated, and another time step is taken.

Mathematical Requirements
Although bisection is guaranteed to converge under ordinary cir-

cumstances, it is possible for classical HBI to fail. Certain non-
linearities in heat loads and material properties preclude existence
of a mathematical solution. Moreover, failure (of the type shown
in Fig. 2 of Ref. 20) can occur without obvious violation of the
physical assumptions behind HBI. Potts,19"21 therefore, established
sufficient conditions to guarantee existence and uniqueness. The
conditions are as follows. The function a(9W) must be strictly pos-
itive, bounded away from zero, and twice continuously differen-
tiable; qnei(t, 9W) must be strictly positive, bounded above by a
maximum, and twice continuously differentiable; s(t, 9W) must be
non-negative and continuously differentiable; finally, for any fixed
r, the combination of variables appearing on the left side of Eq. (29),
call it 4>(f, 6W) = 92

va(9w)/qnet(t, 0u>), must be a strictly monotone
increasing function of Ow\ i.e., d^/dOw > 0 for all Ow > 0.

Potts19-20 originally expressed this last condition as two separate
conditions, namely, d[92

va(9w)]/d9w > 0 and dqnet/d9w < 0. But
the latter, which says qn(A must never increase with 9W at any fixed
t, is violated by the qnet in this paper.

Ordinarily, the net heat transfer from a hot boundary layer into
a wall decreases as the wall gets hotter. This is true for endother-
mic surface chemical reactions, positive heats of ablation, and non-
reacting walls. But in the diffusion plateau, carbon oxidation is
exothermic (note the drop in hw around 1300 K in Fig. 3), and
4net increases briefly with increasing 9W. Still, for the carbon-carbon
model presented here, classical HBI does not fail, for the unified
condition on *I> == 92aw/qnet holds. The increase in the denomina-
tor, #net, in the oxidation onset regime is compensated by a greater
increase in the numerator, 9^a(9w), over this same regime, so that
the ratio *I> is strictly monotone increasing in 9W for every fixed t.

Note that when qnet is constant, 92a must still have a positive
derivative, which limits the rate and extent to which an a function
can decrease as 9 increases. This is more than an academic matter,
for note that the ex for carbon-carbon decreases substantially with
increasing temperature and 9 (Table 1). Nonetheless, by avoiding an
overly coarse a — 9 data table, or a poor a(9) curve fit, 92a retains
a strictly positive derivative.

For computer applications, strict adherence to continuous differ-
entiability can often be relaxed. Computer codes often involve table
interpolation. Since derivatives of ctw, qnei, and s are not required
in the numerical trapezoidal-bisection solution of Eq. (30), it suf-
fices if aw, gnet, and s are continuous, piecewise linear. Violation of
differentiability at the isolated segment "joints" is harmless, for in
the subintervals, the required mathematical conditions apply. Over-
all continuity from one subinterval to the next then preserves the
necessary "smoothness."19'48

Finally, note that qnet must stay positive in classical HBI. The 9 — z
profile requires a negative slope, which by Eq. (24) implies a positive
4net- Physically #net can become zero or negative, particularly in
the final seconds of re-entry, when the RV has slowed down and
the hot RV surface is giving up heat. For successful application of
classical HBI, a positive lower bound must be imposed on qnet. For
predominantly hypersonic re-entry, a minute lower bound, such as
0.1 W/cm2, which is orders of magnitude smaller than peak heating,
suffices without harm.

The overall lesson is this. When a solution technique, such as
classical HBI, employs assumptions that are physically reasonable
but not always strictly correct, unexpected mathematical constraints
may crop up (e.g., monotonicity of ̂  = 92

vaw/qnet) along with the
more obvious but also artificial physical constraints (e.g., qnet > 0).
Approximate solution techniques must always be checked math-
ematically for hidden, nonphysical failure modes. Refinements to
classical HBI may require completely different constraints, but the
techniques in Ref. 19 generally apply.

Illustrative Example
An example illustrates the performance of classical HBI for rel-

atively realistic conditions. A blunt RV of high ballistic coefficient

(0
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Fig. 4 Example comparison of finite-difference (FD) and classical heat
balance integral (HBI) solutions.

(e.g., 2000 lbf/ft2 or 95,760 N/m2) traverses the earth's atmosphere
from 90 km to sea-level in 30 seconds. The RV begins re-entry with
speed 6000 m/s and, because of its large momentum and ballistic
coefficient, travels roughly in a straight path, maintaining a re-entry
angle of about —30 degrees from the horizontal. The nose tip is
carbon-carbon with nose radius 5 cm.

Following loosely the analysis of Alien and Eggers,49 the follow-
ing functions approximate the local freestream density poo and speed
MOO encountered by the RV as a function of time t from start of re-
entry: poo = (1.75 x 10"3)r* ing/cm3 and MOO = 6000exp{-1.2f*}
in m/s, where t* = exp{(f - 30)/2.2}.

Stagnation point response is of interest. Hypersonic stagnation
point pressure is approximately twice the freestream dynamic pres-
sure and is non-dimensionalized in this paper so that it numeri-
cally equals the value in atmospheres, or approximately bars; thus,
p* = (/OooM2^) x 10~2. Recovery enthalpy is taken as total en-
thalpy for the stagnation point; thus hr = (w^/2) x 10~3 in J/g.
Finally, akin to Ref. 49, stagnation point cold wall heating rate fol-
lows qcw = 5 x 10~6(/W^v)1/2wL in W/cm2. For illustration,
assume the nose tip maintains a constant radius RN — 5 cm as it
ablates in clear air.

For non-charring carbon-carbon, p is essentially constant (= 1.90
g/cm3), so Eq. (20) becomes a constant factor of Eq. (7); i.e.,
9 = phu. Since Eq. (13) and 9 = phu use Eq. (7), Table 1
uses Eq. (6) for consistency to define a. Linear interpolation of
the data values in Table 1 defines a(0). Alternatively, a (9) =
0.116 + 0.690 exp{-0/(886 + 0.125(9)} in cm2/s fits this brand
of carbon-carbon. Note that this a (9) satisfies earlier mathematical
requirements; e.g., d[92a(9)]/d9 > 0 for all 9 > 0.

Figure 4 shows good agreement between classical HBI and finite-
difference calculations, which are taken as the standard. Run times
for this clear-air case on a VAX 6540 are 10.25 CPU seconds for
finite-difference and 1.13 CPU seconds for HBI. For typical erosion
cases (not presented), classical HBI again agrees closely with finite-
difference results and runs from 20 to 60 times faster on the VAX.
Thus, HBI has significant advantages over more exact but slower
finite-difference methods.

Pulse-Like Heat Loads
The rising then plummeting qmt in Fig. 4 falls under the class

of "pulselike inputs,"12 and here Fig. 4 displays a common prob-
lem of classical HBI: it overreacts to rapidly changing heat loads.
Surface temperature is overpredicted when heating rates are rising
rapidly and underpredicted, sometimes significantly, when heating
rates are falling rapidly. The prediction stays poor during most of
a protracted period of low heating following a peak, and this spoils
HBFs in-depth temperature. From Eq. (27), an underpredicted 9W
implies an overpredicted 5 for the same /, and hence an overpre-
dicted in-depth temperature. The problem is the instantaneous effect
of net heat flux on the wall slope and thermal penetration depth of
the in-depth profile. Refinements to classical HBI by Goodman,12

Zien,16'17 and Leone et al.23'24 may relieve this "slope effect" (over-
reaction problem) somewhat.
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Goodman's extended method12 decomposes the solution follow-
ing the net heat flux peak into two fictitious parts. The first part
continues propagation of the thermal penetration distance, but with
net heat flux frozen at its peak value. The second part propagates a
thermal cooling distance using a negative net heat flux equal to the
difference between the actual net heat flux and the peak net heat flux.
This negative net heat flux is applied to a fictitious slab whose ini-
tial temperature, at the time of peak heating, is uniform at all points
in-depth and equals the peak wall temperature of the real slab. This
second penetration distance accounts for the change in curvature of
the in-depth thermal profile during cool down.

Two problems limit use of Goodman's extended method. First,
differing onset times of ablation, charring, pyrolysis outgassing,
and intermittent erosion may produce a qnet history with multiple
peaks, which are hard to locate in advance. This presents at least a
bookkeeping problem if not worse in the algorithm. Second, closed-
form solution of Goodman's extended method requires constant
material properties; in fact, superposition of solutions works best
for simple linear problems, not the nonlinear complexities here.

The moment methods of Zien16'17 may avoid both overreaction
and unexpected failure problems. In both classical and Zien's inte-
gral methods, Eq. (25) is the primary equation, as obtained by one
spatial integration of Eq. (21), and a profile shape for the heat distri-
bution is assumed. In classical HBI, the second equation is Eq. (24),
so there are two equations in the two unknowns 8 and Ow. In Zien's
0 -moment method, however, the second equation is obtained by
multiplying Eq. (21) by 9, integrating it spatially, using integration
by parts and the Leibnitz rule, and applying the boundary conditions
to produce

In Zien's z-moment method, Eq. (21) is multiplied by z, integrated
spatially, etc., to produce

d_
di

r°° r°° do f°°
I zfldz = - a(e)—dz-s Odz (32)

Jo Jo °z Jo

Equation (32) can also be derived16 by performing a double spatial
integration of Eq. (21). In either case, the assumed temperature or
heat distribution profile, Eq. (26), is applied to Eqs. (31) or (32),
resulting in a second equation involving 9W, 5, Ow, and 8. The system
of two equations can be re-expressed in the form 9W = f\ (Ow, 5,...)
and 8 = f2(0w,8,...) [see, for example, Eqs. (18-20) of Chung
and Hsiao17], and then standard numerical techniques for solving a
system of two or more ODEs can be employed.

An advantage of Zien's methods is that they weaken the sen-
sitivity of the integral solution to the instantaneous qn(A. Instead of
determining the profile slope by qnet per Eq. (24) as in classical HBI,
the profile shape is determined by an integral moment. Thus, Zien's
methods are less apt to overreact to sudden changes in heat load
or to the decreasing side of a heat pulse. Moreover, the restriction
d[02ct (0)]/d0 > 0 may be unnecessary for Zien's methods; specific
domains of validity have not yet been delineated using the methods
in Ref. 19.

An inconvenience of Zien's methods concerns the a-integrals on
the right sides of either Eq. (31) or (32). For non-constant a func-
tions, these a-integrals must be evaluated numerically as functions
of Ow and stored tabularly ahead of time. Also, Zien's methods have
not been extended to charring ablator problems.

Leone et al.23>24 treat the HBI overreaction problem in a manner
reminiscent of Goodman's fictitious slab technique. The net heat flux
determines the instantaneous profile slope at the wall, but, unlike
classical HBI, it does not affect the thermal penetration depth 8.
Instead, an independent 8 (t) history is assumed. That way, the profile
near the wall can take on any slope according to a positive, zero, or
negative net heat flux. For nonpositive #net, a "generalized cubic"
profile is used to allow for the appropriate change in curvature.
Details are available in Ref. 24. Presumption of a presupposed 8(t)
history may be open to objection but seems to work in practice.
Leone's method has also been extended to charring ablators.23'24

Charring Ablators
To apply HBI to charring ablators, one must decide 1) how to

set up the in-depth profiles for the unknown variables, T, p, and
mg, and 2) whether or to what extent should these profiles be cou-
pled to each other and stay coupled to the governing equations to
effect an efficient, accurate solution while avoiding numerical in-
stabilities. For reliability, any simplifications and idealizations that
modify the couplings (i.e., governing equations) should also find
physical justification.

Most HBI approaches use step functions for the p and mg
profiles.13'21"24 The resin decomposition zone is generally so
thin7'15'21"24 that the in-depth region effectively divides into vir-
gin and fully-charred regions, as demarcated by an effective char
depth 8C. Therefore, p = pc and mg = mgw for 0 < z < 5C, and
p — pv and mg = 0 for 8C < z < 8.

Following Adarkar and Hartsook,13 the p and mg are related by
conservation of mass:

More formally, spatial integration of Eq. (23) produces Eq. (33),
where, for p a step function, dp/dt in Eq. (23) becomes a Dirac
delta functional or impulse function. The substitution dz = 8C dt
permits integration of this term.

Since the p and mg profiles follow a two-layer approach, a
two-layer approach for T might at first seem logical. An exam-
ple would be T = Tw[l - z/8c] + Tc[z/8c] for 0 < z < 8C and
T = Tc[l - (z - 8c)/(8 - 8c)]n for 8C < z < 8. Here Tc represents
a known, fixed char temperature.13 Equation (1) applies across the
virgin layer, and Eq. (2) with the A/ipyr(g) term discarded applies
across the char layer.13 Across the char front

as derived in Refs. 13 and 22 [see Eq. (54b)]. At the surface, Eqs. (5)
and (10-13) apply. Application of the two-layer T profile to Eqs. (1),
(2), (5), and (34) produces a complex system of equations involving
Tw, 8,8C, mgw\ and #net- And these are also coupled with Eqs. (10-13)
and (33).

For a simple melt-removal ablation model without complex blow-
ing, the above complex system apparently succeeds.13 But for the
complex ablation, blowing, and energy balance of the present paper,
an oscillatory feedback erupts among #net> thgw> and 8C at some point,
and insurmountable numerical instabilities result.22 Somehow, this
total two-layer approach is too complex and too closely coupled.

To cut down on the number of profile parameters, and, therefore,
coupled equations and potential instabilities, most charring HBI
methods use a one-layer approach for the T profile, while main-
taining the two-layer approach for the p and mgw profiles. To make
this possible, a p(T) relationship must be assumed. Since virgin
property measurements are generally available only in the low tem-
perature regime, and char property measurements only in the high
temperature regime (Fig. 2), there is a natural association p = p(T)
in the data to begin with (Table 2). Assumption of a p = p(T) is
common practice3'14'15'21'22'28 and permits use of Eqs. (20) and (22).

With Eqs. (21), (25), and (27) in mind, spatial integration of
Eq. (22) produces22

- mgwcpg(Tw - Tc) (35)

The A/zpyr(g) term integrates as above under the assumption that ei-
ther A/ipyr(g) is constant or mg takes a step-function profile, implying
drhg/dz is a Dirac delta functional. The final term integrates assum-
ing both cpg is constant and mg is a step function, so that wgcpg is
constant except for the step jump at the char front.

Early one-layer HBI approaches14'15'21 neglected the two final
terms of Eq. (22) and often resorted to correlations. Another try puts
a finite spike in the cp (T) function to model the heat absorbed in the
in-depth charring reaction (see Ref. 28, Fig. 2, p. 176). This device
may work for finite-difference and finite-element methods, but not
in general for classical HBI methods, because it risks violating the
condition that 02a(0) have a positive derivative. (The situation is
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complex because a decreases but 0 increases when cp increases.)
In any case, Eq. (35) sidesteps these problems.

To use Eq. (35), solutions for mgw, Tc, and 8C must be obtained.
Potts22 and Leone et al.23'24 offer two approaches.

First, Potts obtains Tc as a known constant. The coefficients in
Eq. (4) usually stem from experiments conducted at specific tem-
perature rise rates.2'22'34 Hypothesize an operative rise rate, such as
1000 K/sec for clear-air re-entry, and solve Eq. (4) in stand-alone
fashion. The 50% char point yields an effective char temperature
Tc. Finite-difference solutions of Eqs. (2-4) may also be examined.
For the coefficients in Ref. 7, typical values are 1000 K and 1450 K
for the 5 and 50% points of char in pure ablation (clear-air) cases,
and 1250 K and 1800 K for 5 and 50% points of char in coupled
ablation-erosion situations.21'22'24 The chosen Tc may disagree with
the assumed p(T) in Table 2 and Eq. (20), but this intentionally
decouples the problem further and avoids numerical instabilities.
Global (integral) energy is still conserved despite any ambiguity
about where charring takes place in-depth.

Next, Potts obtains 8C by assuming a linear thermal profile across
the char layer. First, approximate Eq. (24) by qnet = aw (Ow — 0C)/8C,
where Eq. (20) relates Tc to Oc. Then solve for 8C given Ow and

8C = max{cew(9w - 9c)/qnei, 8° - (s + s°)At/2, 0} (36)

The added terms in Eq. (36) prevent 8C from decreasing faster than
the surface recession or from becoming negative. This prevents the
unphysical phenomenon of "de-charring," in which charred material
becomes virgin again merely by cooling to below Tc.

Finally, Potts obtains mgw by employing the "quasisteady state"
concept.6'22 Quasi-steady state means that changes in the temper-
ature and density distribution in the material, as measured from
the moving surface, are small with respect to time. Quasi-steady
solutions, therefore, are obtained by transforming the governing
equations to a coordinate system moving with the surface, and then
casting out all the time derivatives of the dependent variables while
still allowing the boundary conditions to vary with time.

Under a quasisteady assumption, 7 and dp/dt are temporarily
set to zero. Spatial integration of Eq. (23) with dp/dt = 0 pro-
duces mgw = s(pv — pw)9 which is used to replace s temporarily in
Eq. (35). With / also temporarily set to zero, the modified Eq. (35)
produces

yr0?) + cpg(Tw - Tc)] (37)

The elimination of s makes Eq. (37) produce reasonable gas fluxes
even when the material undergoes non-quasisteady response. The
pw(T) function in Eq. (37) and the p ( T ) in Eq. (20) are separate
in general: the pw(T) is tailored to produce a continuous transition
from pv to pc around Tc\ the p(T) follows Table 2. The full HBI
of Eq. (35), with s included and / no longer set zero, then is the
fundamental energy equation, and Eq. (37) provides mgw.

Potts's hybrid integral-quasisteady approach, Eqs. (35-37) with
specified Tc, proves to be fast and reasonably accurate.22'24 Ref. 22
also presents a purely quasisteady solution of Eqs. (2-4) and shows
that this solution fails to achieve the required accuracy for mgw and
8C. But most recently an alternative HBI approach was developed
by Leone et al.23>24 to incorporate Eq. (4) more directly and elimi-
nate the necessity of developing a constant, effective Tc. Basically,
Leone assumes p = pv in Eq. (4), making the char rate a function of
temperature alone. Then with a suitably simple temperature profile,
Eqs. (3) and (4) are integrated spatially to produce mgw as a function
of temperature at the char depth. Using this variable char tempera-
ture from the previous time point, motion of the char front derives
from Eq. (33). Ordinarily, such a procedure might be numerically
unstable because of the overreaction of HBI to rapid changes in
heat load. But Leone's non-classical generalized cubic method, dis-
cussed earlier, diminishes this overreaction, so is an essential part of
the success of his approach to charring. Typical run times for Potts's
HBI,22 Leone's HBI,23'24 and finite-difference7 solutions are 4, 15,
and 50 seconds, respectively, on a VAX 6440. These and numerical
comparisons are shown in Ref. 24. Results show that temperature
at the char front usually holds constant.

IV. Conclusions
1) Approximate HBI methods offer speed, simplicity, and versa-

tility. For many applications, they provide sufficient accuracy.
2) For non-charring, primarily hypersonic re-entry, classical HBI

works well.
3) If overreaction of classical HBI to cool down becomes sig-

nificant, HBI extensions can be tried. Goodman's extended method
treats simple linear problems. Zien's methods apply to non-charring,
nonlinear problems. Leone's method treats nonlinear problems with
charring. If these fail to satisfy a user's accuracy requirements, one
must revert to finite-difference and pay the computational cost.

4) For charring ablation simulations, HBI methods require simpli-
fying assumptions, particularly to form a pre-solution relationship
between material density and temperature.

5) For quick simulation of charring in hypersonic flow, the hybrid
integral-quasisteady approach of Potts is recommended. As compu-
tational speed becomes less important and accuracy away from peak
heat or environmental loads becomes more important, the recom-
mendation shifts towards Leone's method, or else finite-difference.
For simplified ablation and energy balance models, Adarkar and
Hartsook's approach can be tried.
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